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A BOUND FOR THE NUMBER OF POINTS OF SPACE CURVES OVER
FINITE FIELDS
PETER BEELEN AND MARIA MONTANUCCI
Abstract. For a non-degenerate irreducible curve C of degree d in P3 over Fq, we prove
that the numberNq(C) of Fq-rational points ofC satisfies the inequalityNq(C) ≤ (d−2)q+1.
Our result improves the previous bound Nq(C) ≤ (d − 1)q + 1 obtained by Homma in [5]
and leads to a natural conjecture generalizing Sziklais bound for the number of points of
plane curves over finite fields.
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1. Introduction
In the series of papers [6–8], Homma and Kim proved that for any plane curve C of degree
d over a finite field Fq without Fq-linear components, the number Nq(C) := |C(Fq)| of its
Fq-rational points satisfies
(1) Nq(C) ≤ (d− 1)q + 1,
with up to isomorphism exactly one exception, given by the F4-rational curve defined by the
projective plane model
K : (X + Y + Z)4 + (XY + Y Z + ZX)2 +XY Z(X + Y + Z) = 0.
The bound (1) was originally conjectured by Sziklai [10], also giving explicit examples of
curves whose number of rational points achieves this bound. Note that the curve K satisfies
N4(K) = 14, exceeding the Sziklai bound by one.
It is natural to ask if a curve C contained in a higher dimensional projective space Pn,
n ≥ 3, satisfies the Sziklai bound as well. Recently Homma [5] proved that indeed equation
(1) holds for such curves as well. However no examples of space curves whose number of
rational points attains this bound were provided, leaving the possibility that the bound could
be improved.
When studying a curve C in projective space Pn, it is natural to assume that the curve
is non-degenerate. This means that the curve is not contained in any hyperplane of Pn. A
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degenerate curve C in Pn can namely be seen as a curve in Pn−1, by viewing the hypersurface
of Pn containing C as Pn−1. Note that a degenerate curve in P2 necessarily is a projective
line leading to the easy observation that a plane curve is non-degenerate if and only if it is
not a line. Furthermore, trivially any curve contained in P1 is necessarily non-degenerate
and equal to P1. Hence one can say that an absolutely irreducible, non-degenerate curve C
in P1 defined over Fq satisfies the bound |C(Fq)| ≤ qd + 1, simply because the only curve
under consideration is the projective line so that d = 1 and |C(Fq)| = q + 1. Hence the
n = 1 case for considering absolutely irreducible, non-degenerate curves in Pn may not be
very interesting, but it leads in a natural way to the following conjecture.
Conjecture 1.1. Let Fq be a finite field with q elements. Further, let C ⊆ P
n, n ≥ 3 be
an absolutely irreducible, non-degenerate algebraic curve of degree d defined over Fq. Then
|C(Fq)| ≤ q(d− n + 1) + 1.
As noted before for n = 1 the conjecture is trivial and for n = 2 it was shown to be
true for all plane curves, except those isomorphic to the exceptional curve K. Note that
any non-degenerate curve in Pn has degree at least n, so that the expression d − n + 1 is
at least one. In this paper, we prove the conjecture for n = 3 and provide partial results
for n > 3. For n = 3 we also explore the consequences of the conjecture for more general,
possibly reducible, curves and prove the following:
Theorem 1.2. Let Fq be a finite field with q elements. Further, let C ⊆ P
3 be a non-
degenerate algebraic curve of degree d defined over Fq. Moreover, suppose that if C is not
absolutely irreducible, then it contains no lines defined over Fq and that it contains at least
one non-degenerate Fq-irreducible component. Then |C(Fq)| ≤ q(d− 2) + 1.
For n > 3, we prove Conjecture 1.1 for large values of d, while we also give some examples
of absolutely irreducible, non-degenerate curves attaining the bound in Conjecture 1.1 with
equality.
2. Preliminaries
In this section, we collect several known preliminary results from the literature that we
will use later on. We start with a known bound on the number of points on a non-degenerate
curve.
Theorem 2.1. [5, Theorem 3.2] Let C be a non-degenerate, irreducible curve in Pn(Fq) of
degree d. Then
|C(Fq)| ≤
(q − 1)(qn + · · ·+ 1)
qn + · · ·+ q − n
d =
(q − 1)(qn+1 − 1)
q(qn − 1)− n(q − 1)
d.
Of course the upper bound stated in this theorem need not be an integer, so a trivial
improvement can be obtained by taking the floor of it.
Next we recall the result from [6–8] on plane curves that we mentioned in the introduction.
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Theorem 2.2. Let C be a plane curve of degree d over Fq without Fq-linear components,
then
|C(Fq)| ≤ q(d− 1) + 1,
unless q = 4 and C is isomorphic to the curve K : (X + Y + Z)4 + (XY + Y Z + ZX)2 +
XY Z(X + Y + Z) = 0. In the latter case |C(F4)| = 14.
While proving Conjecture 1.1, we will need some results on strange curves. A curve C is
said to be strange if the tangent lines at the non-singular points of C all intersect at a common
point, called a nucleus. A trivial example of a strange curve is a line. A strange curve that is
not a line, has in fact exactly one nucleus [4, Theorem 1.28]. Non-trivial strange curves are
known to exist in positive characteristic. An example of a non-singular strange curve is given
by an irreducible conic in characteristic 2. In fact, the following result, due to Samuel [9],
classifies all non-singular strange curves, also see [3, Theorem IV.3.9] and [2, Remark (2.2)].
Theorem 2.3. The only non-singular strange curves in Pn are lines and irreducible conics
in characteristic 2.
The genus of a non-strange, non-degenerate curve of degree d in Pn can be bounded from
above in terms of d and n. This bound is known as Castelnuovo’s bound, see [4, Theorem
7.111].
Theorem 2.4. (Castelnuovo’s bound) Let C be a non-degenerate, irreducible curve in Pn(Fq)
of degree d and genus g. If C is not strange, then
g ≤
1
2
m(m− 1)(n− 1) +mǫ,
where m = ⌊(d− 1)/(n− 1)⌋ and ǫ = d− 1−m(n− 1).
A corollary of this theorem is that if a non-degenerate, irreducible curve violates the
Castelnuovo bound, then it is a strange curve.
3. Proof of the conjecture for n = 3
In this section we prove Conjecture 1.1 for n = 3. We start by showing that the conjecture
implies Theorem 1.2.
Lemma 3.1. If Conjecture 1.1 is valid for n = 3, then Theorem 1.2 is valid as well.
Proof. Assume that Theorem 1.2 is proven for absolutely irreducible curves. Let C be a
non-degenerate curve of degree d in P3 defined over Fq which is not absolutely irreducible
and with at least one non-degenerate irreducible component.
Assume first that C is irreducible over Fq but not absolutely irreducible. In this case C
can be written as the union of C1 ∪ . . . ∪ Ct where the curves Ci are absolutely irreducible
defined over Fqt and deg(Ci) = e ≥ 1 for all i = 1, . . . , t. Note that the curves C1, . . . , Ct
form an orbit under the Frobenius automorphism of Fqt over Fq. Then C(Fq) ⊂ C1∩ . . .∩Ct
and every point in C(Fq) is therefore a multiple point of C of multiplicity t ≥ 2. Note that
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q(d−2)−1 ≥ q−1 ≥ 1 so either |C(Fq)| ≤ q(d−2)−1, or C(Fq) contains at least 2 distinct
points. Let P1, P2 ∈ C(Fq) be distinct and let ℓ be the line containing P1 and P2. Denote
with B(ℓ) the set of all planes π in P3(Fq) containing ℓ. Then |B(ℓ)| = q+1. Since any point
in C(Fq) ∩ π will have intersection multiplicity at least t, Be´zout’s theorem implies that for
all π ∈ B(ℓ):
|(C(Fq) \ {P1, P2}) ∩ π| ≤
d− 2t
t
.
Note the we can apply Be´zout’s theorem. Indeed, since π is fixed by the Frobenius map, a
component Ci of C could only be contained in π if all components Ci, and hence C itself,
are contained in π, contradicting the non-degeneracy of C. We conclude that
|C(Fq)| ≤ 2 + |B(ℓ)|
d− 2t
t
= 2 + (q + 1)
d− 2t
t
≤ q(d− 2)− 1.
Now consider the case in which C is not irreducible over Fq. Since C is line free, it
can in this case be written as C = C1 ∪ C2 ∪ . . . ∪ Ct, t ≥ 2 where the curves Ci are
Fq-irreducible of degree di ≥ 2 and defined over Fq for all i = 1, . . . , t. Denote by k the
number of components Ci that are degenerate. Then k ≤ t − 1, since we assume that at
least one of the irreducible components is non-degenerate. We can assume without loss of
generality that the k degenerate components of C are C1, . . . , Ck. From Theorem 2.2 either
|Ci(Fq)| ≤ (di − 1)q + 1 or q = 4 and |Ci(F4)| = 14 for i = 1, . . . , k. If either q 6= 4 or q = 4
but |Ci(Fq)| ≤ (di − 1)q + 1 for all i = 1, . . . , k we get
|C(Fq)| =
t∑
i=1
|Ci(Fq)| ≤
t−1∑
i=1
[q(di−1)+1]+(dt−2)q+1 = q(d−t−1)+t ≤ q(d−3)+2 ≤ q(d−2).
Thus we assume that q = 4 and k1 6= 0 is the number of degenerate components Ci of C
with |Ci(F4)| = 14. Relabeling the curves if necessary, we can suppose that these curves
are C1, . . . , Ck1. Further, since by Theorem 2.2 all these Ci are isomorphic to the curve K
mentioned there, we have d(Ci) = 4 for 1 ≤ i ≤ k1. Since k1 ≤ k ≤ t − 1 and t ≥ 2, we
obtain
|C(F4)| = 14k1 +
k∑
i=k1+1
|Ci(F4)|+
t∑
i=k+1
|Ci(F4)|
≤ 14k1 +
t−1∑
i=k1+1
[4(di − 1) + 1] + 4(dt − 2) + 1
= 14k1 + 4(d− 4k1)− 3(t− k1 − 1)− 7
= 4(d− 2) + 1 + k1 − 3t+ 3 ≤ 4(d− 2)− 1.

Remark 3.2. The proof of Lemma 3.1 actually shows that if Conjecture 1.1 is valid, then
equality in the bound of Theorem 1.2 can only be obtained by absolutely irreducible curves,
or possibly by reducible curves containing an Fq
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From now we assume that C is absolutely irreducible and set out to prove Conjecture 1.1
for n = 3. We first prove that the conjecture holds for general n whenever the degree d is
large enough with respect to q and n.
Lemma 3.3. Let n ≥ 3 be an integer and C ⊂ Pn a non-degenerate, absolutely irreducible
curve defined over Fq of degree d. If d ≥ (n − 1)q + 1, then |C(Fq)| ≤ q(d − n + 1). If
d = (n− 1)q, then |C(Fq)| ≤ q(d− n+ 1) + 1.
Proof. The upper bound on |C(Fq)| in Theorem 2.1 is less than or equal to q(d− n + 1) if
d ≥ (n− 1)q +
q(q − 1)(n2 − 1)
qn + · · ·+ q2 − nq + 1
and less than or equal to q(d− n + 1) + 1 if
d ≥ (n− 1)q − 1 +
((n− 1)q − 1)(q − 1)(n+ 1)
qn + · · ·+ q2 − nq + 1
.
Using that n ≥ 3 and q ≥ 2 is a prime power, the lemma follows immediately, except for
n ∈ {3, 4} and q ≤ 7. For these values of (q, n) the lemma follows by strengthening the
upper bound on |C(Fq)| in Theorem 2.1 in a trivial way by taking the floor of it. 
Remark 3.4. Similarly as in the proof of Lemma 3.3, one can show that |C(Fq)| ≤ q(d −
n+ 1) if d = (n− 1)q and (q, n) 6∈ {(2, 3), (2, 4), (3, 3), (3, 4), (3, 5)}.
Lemma 3.3 implies that Conjecture 1.1 is valid for “large” degrees, i.e., for d ≥ (n− 1)q.
Returning to the case n = 3, we could assume from now on that d ≤ 2q − 1. Nonetheless,
we will only assume that d ≤ 2q in order to investigate which type of curves can satisfy the
bound of Conjecture 1.1 with equality.
One way to estimate the number of points in C(Fq), is by considering lines through
such points. The following lemma shows that Conjecture 1.1 is true if there exists a line
intersecting the curve in at least four distinct points.
Lemma 3.5. Let C be an absolutely irreducible, non-degenerate curve in P3 defined over
Fq of degree d ≤ 2q. If there exists an Fq-rational line ℓ such that |ℓ ∩ C(Fq)| ≥ 4, then
|C(Fq)| ≤ q(d− 2).
Proof. Let us write m := |ℓ ∩ C(Fq)| and denote with B(ℓ) the set of all planes in P
3(Fq)
containing ℓ. From Be´zout’s theorem we know that for an arbitrary plane π ∈ B(ℓ),
(2) |π ∩ [C(Fq) \ ℓ]| ≤ d−m.
Since |B(ℓ)| = q+1, |ℓ∩C(Fq)| ≤ m, m ≥ 4, and d ≤ 2q, we have |C(Fq)| ≤ m+(q+1)(d−
m) ≤ q(d− 2). 
Remark 3.6. The condition that |ℓ∩C(Fq)| ≥ 4 can be weakened somewhat. What is needed
to prove equation (2), is that the sum of the intersection multiplicities of any plane π ∈ B(ℓ)
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with C at the points in ℓ ∩C(Fq) is at least 4. I.e., the condition |ℓ ∩C(Fq)| ≥ 4 in Lemma
3.5 can be replaced by the weaker condition:
(3) ∀π ∈ B(ℓ),
∑
P∈ℓ∩C(Fq)
i(π ∩ C, P ) ≥ 4.
The proof of Lemma 3.5 is completely valid if the condition in equation (3) is satisfied. If
for example ℓ is the tangent line of C at P , then for any π ∈ B(ℓ), we have i(π ∩C, P ) ≥ 2,
see [11, Page 4]. Hence if the tangent line at P intersects C in a further two points, or is a
bitangent line of C, then equation (3) and hence the conclusion of Lemma 3.5 is valid.
Another case where we can use such ideas is if a point P ∈ C(Fq) is a singularity of C,
since then for any plane π containing P , we have i(π ∩ C, P ) ≥ 2, see [11, Page 3].
Considering lines through one particular point P , leads to projection of C on a plane π
in a natural way. More precisely: given P ∈ C(Fq), let π ⊂ P
3 be an Fq-rational plane
not containing P . Then we can define the projection of a point Q 6= P of C on π to be
the intersection point of π and the line connecting P and Q. This gives rise to a map
ρP : C \ {P} → π. The projection C
′ of C on π is then defined to be the Zariski closure in π
of the image of ρP , that is C
′ := ρP (C \ {P}). If P is a non-singular point, the domain of the
map can be extended to include P in a natural way, by defining ρP (P ) as the intersection
of π and the tangent line of C at P . However, if P is a singular point of C, it may not
be possible to extend the domain of ρP to C. For example, the singular point P may have
several branches with distinct tangent lines, in which case several points of π are equally
valid as image of P under ρP . Taking the Zariski closure of ρP (C \ {P}) takes care of this
problem and in a sense adds all possible images of P under ρP at the same time. Either
way, in general, we only have a rational map ρP : C → C
′. Generically this map would be
birational, but there are cases in which its degree is strictly larger than one [1]. Note that
if C is a non-degenerate curve, it is not a line so that the rational map ρP is not constant.
Finally, we observe that since C is absolutely irreducible, so is C ′.
We will now investigate the degree of the curve C ′. It is well known that the degree of
C ′ is at most d− 1. Indeed, a line λ ⊂ π contains at most d − 1 points when counted with
multiplicity, since the intersection of C and the plane spanned by λ and P contains d points
when counted with multiplicity, the extra point being P . We will use a more general result
though, which we state and prove now.
Lemma 3.7. Let C be an absolutely irreducible, non-degenerate curve in P3 defined over Fq
of degree d. Further, let P ∈ C(Fq) be a point, π ⊂ P
3 be an Fq-rational plane not containing
P , and C ′ the projection of C on π. Assume that the curve C ′ has degree d′ and that the
rational map ρP : C → C
′ has degree δ. Then
d ≥
{
1 + δd′, if P is non-singular,
2 + δd′, if P is singular.
Proof. If we choose homogeneous coordinates y0, . . . , y3 for P
3, then after applying a suitable
projectivity, we may assume that P = (0 : 0 : 0 : 1), that π is given by the equation y3 = 0.
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Then the map ρP : C → π is the natural projection (y0 : y1 : y2 : y3) 7→ (y0 : y1 : y2 : 0).
Denoting by xi the coset yi+ I ⊂ Fq[y0, . . . , y3], where I is the homogeneous ideal associated
to C, we can describe the function fields F and F ′ of C and C ′ over Fq as F := Fq(C) =
Fq(x1/x0, x2/x0, x3/x0) and F
′ := Fq(C
′) = Fq(x1/x0, x2/x0). Note that the degree of the
rational map ρP : C → C
′ equals the degree of the function field extension Fq(C)/Fq(C
′).
Now choose α, β, γ ∈ Fq, not all zero, such that
(1) the intersection point R in π of the lines λ given by y0 = 0 and µ given by αy1 +
βy2 + γy0 = 0 is not a point of C
′,
(2) none of the points in C ′ \ ρP (C \ {P}) lies on the line µ,
(3) none of the singularities of C ′ lies on µ,
(4) the plane spanned by µ and P does not contain any singularities of C, except possibly
P itself.
That such α, β, γ exist is not hard to see: first choose R on λ, but not on C ′, then con-
sider all lines µ contained in π through R, then the first condition is satisfied. The last
three conditions can only prohibit finitely many choices of µ, but since we now work over
an algebraically closed field, we have infinitely many possibilities left. The point of choosing
the lines µ in this way is that the divisor of zeroes of f in F ′, (f)F
′
0 , is equal to the inter-
section divisor of C ′ and µ, identifying non-singular points of C ′ with places of F ′. Hence
deg((f)F
′
0 ) = d
′, which implies that deg((f)F0 ) = δd
′. The zeroes of the function f , seen as
element of the function field of C, are intersection points of C and the plane σ spanned by µ
and P . The point P itself is not accounted for, since none of the points in C ′ \ ρP (C \ {P})
lies on the line µ. This means that the degree of the intersection divisor of σ with C is at
least deg((f)F
′
0 ) + i(C ∩ σ, P ) = δd
′ + i(C ∩ σ, P ). The result follows by observing that if P
is non-singular, then i(C ∩ σ, P ) ≥ 1, while if P is singular, then i(C ∩ σ, P ) ≥ 2. 
Lemma 3.8. Let C be an absolutely irreducible, non-degenerate curve in P3 defined over Fq
of degree d. Assume that there exists a point P ∈ C(Fq) such that every Fq-rational line ℓ
containing P satisfies |ℓ ∩ C(Fq)| ≤ 2. Moreover assume that if P is a non-singular point,
then the tangent line of C at P intersects C in no other rational points. Then |C(Fq)| ≤
q(d− 2) + 1. Equality may only occur if P is a non-singular point of C.
Proof. Choose π a plane not containing P . We consider the rational map ρP : C → C
′
coming from the projection of C from P on π. As in Lemma 3.7, we denote by d′ the degree
of C ′ and by δ the degree of the rational map ρP . First of all, note that any point of C(Fq)
different from P is projected to a point of C ′(Fq). Indeed, if Q ∈ C(Fq), and P 6= Q, the
line connecting P and Q is rational and hence intersects π in a rational point of C ′. Since
by assumption any line through P contains at most one further Fq-rational point of C, the
rational points of C distinct from P are mapped injectively to the rational points of C ′. If
moreover P is non-singular, the projection map can be extended to all of C and P is then
projected to a rational point ρP (P ) of C
′ as well, namely the intersection point of the tangent
line of C at P and the plane π. Moreover, since the tangent line at P does not contain any
other rational points of C, P is the only point projected to ρP (P ). Combining the above, we
8 P. BEELEN AND M. MONTANUCCI
see that:
(4) |C(Fq)| ≤
{
|C ′(Fq)|, if P is non-singular,
|C ′(Fq)|+ 1, if P is singular.
At this point, we use Theorem 2.2, distinguishing two cases:
(i) C ′ is not isomorphic as a plane curve over Fq to the exceptional curve K described
in Theorem 2.2. From Lemma 3.7, we see that d′ ≤ d− 1 and in fact d′ ≤ d− 2 if P
is singular. Therefore equation (4) yields
|C(Fq)| ≤
{
q(d− 2) + 1, if P is non-singular,
q(d− 3) + 2, if P is singular.
Note that q(d− 3) + 2 ≤ q(d− 2), so the bound q(d− 2) + 1 may only be attained if
P is a non-singular point of C.
(ii) q = 4 and C ′ is isomorphic as a plane curve over F4 to the exceptional curve K.
Since K has degree four, we see from Lemma 3.7 that d ≥ 5 and in fact d ≥ 6 if P
is a singular point of C or if δ > 1. If d ≥ 6, the same reasoning as above gives that
|C(F4)| ≤ |C
′(F4)| + 1 = 15 < 4(d − 2) + 1. Hence we are left with the case where
δ = 1, d = 5, and P is non-singular. Note that the curve K is a non-singular quartic
and therefore has genus three. Hence g(C) ≥ g(C ′) = 3. Theorem 2.4 then implies
that the curve C is strange. Note that by Theorem 2.3 the curve K, and hence C ′,
is not strange.
Denote by N the nucleus of C. If N 6= P , then denote by ρP (N) the projection
of N on π. Note that the line tP connecting P and N is the tangent line of C at
P , so that ρP (P ) = ρP (N) ∈ C
′. Let Q ∈ C be different from P and N . If Q is a
non-singular point of C, denote by tQ be the tangent line of C at Q. Then ρP (tQ)
is the line passing through ρP (Q) and ρP (N) and since δ = 1, it is the tangent line
of C ′ at ρP (Q). Moreover, again using that δ = 1, any non-singular point of C
′ is
the projection of a non-singular point of C. This shows that ρP (N) is a nucleus of
C ′, which therefore is a strange curve. However, C ′ is not a strange curve, giving a
contradiction.
If N = P and let σ be a plane containing the tangent line tP of C at P . For every
other point Q 6= P in C(F4) ∩ σ, the intersection multiplicity of C and σ at Q is at
least 2, since either Q is a singular point, or σ contains the tangent line of C at Q,
which is the line passing through P and Q. Since d = 5, Be´zout’s theorem implies
that |C(F4) ∩ σ| ≤ 2. Considering the set B(tP ) of planes in P
3(F4) containing tP ,
we get that |C(F4)| ≤ 1 + |B(tP )|(2− 1) = 1 + 5 = 6.

So far we have in Lemmas 3.5 and 3.8 dealt with cases where rational lines intersect C
in at least four or at most two rational points. This leaves the case where for every point
P ∈ C(Fq) no line through P intersects C in four or more rational points, but there exists a
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line through P intersecting C in three rational points. We deal with this case in the following
lemmas.
Lemma 3.9. Let C be an absolutely irreducible, non-degenerate curve in P3 defined over Fq
of degree d. Assume that there exists a point P ∈ C(Fq) such that every Fq-rational line ℓ
containing P satisfies |ℓ ∩ C(Fq)| ≤ 3. Further let π be an Fq-rational plane not containing
P and denote by C ′ the projection of C on π. If the degree of the induced rational map
ρP : C → C
′ is at least two, then |C(Fq)| ≤ q(d− 2).
Proof. As before, denote by d′ the degree of the curve C ′ and by δ the degree of ρP . By
Remark 3.6, we may assume that if P is non-singular, then the tangent line of C at P
intersects C in at most one further rational point of C. Since any other line through P
contains at most 2 rational points of C \ {P}, we see that
|C(Fq)| ≤
{
2|C ′(Fq)|, if P is non-singular,
2|C ′(Fq)|+ 1, if P is singular.
The 1 on the right-hand side of the second case account for the contribution of the point P .
This implies that if C ′ is not isomorphic to the exceptional curve K, then using Lemma
3.7, we find that
|C(Fq)| ≤ 2(q(d
′ − 1) + 1) ≤ qδd′ − 2q + 2 ≤ q(d− 1)− 2q + 2 ≤ q(d− 2),
if P is non-singular, and
|C(Fq)| ≤ 2(q(d
′ − 1) + 1) + 1 ≤ qδd′ − 2q + 3 ≤ q(d− 2)− 2q + 3 < q(d− 2),
if P is singular.
If C ′ is isomorphic to the exceptional curve K, then d′ = 4 so that d ≥ 9 if P is non-
singular and d ≥ 10 if P is singular by Lemma 3.7. Therefore |C(F4)| ≤ 2 · 14 = 4(9− 2), if
P is non-singular, and |C(F4)| ≤ 2 · 14 + 1 < 4(10− 2), if P is singular. 
Finally we deal with the case that the rational map ρP : C → C
′ has degree one.
Lemma 3.10. Let C be an absolutely irreducible, non-degenerate curve in P3 defined over
Fq of degree d. Assume that there exists a point P ∈ C(Fq) such that every Fq-rational line
ℓ containing P satisfies |ℓ∩C(Fq)| ≤ 3. Further let π be an Fq-rational plane not containing
P and denote by C ′ the projection of C on π. If the induced rational map ρP : C → C
′ is
birational, then |C(Fq)| ≤ q(d− 2)− 1.
Proof. As in the proof of the previous lemma, we may assume that if P is non-singular, then
the tangent line tP of C at P intersects C in at most one further rational point of C. Let L
be the set of lines in P3(Fq) passing through P and let
L3(P ) := {ℓ ∈ L | |ℓ ∩ C(Fq)| = 3 or ℓ = tP and |ℓ ∩ C(Fq)| = 2}.
By Lemma 3.8, the bound holds if ℓ3(P ) := |LP (3)| = 0, so we can assume that ℓ3(P ) > 0.
Also C ′ = πP (C) is absolutely irreducible of degree at most d− 1. Since ρP is a birational
map, for any ℓ ∈ L3(P ) the corresponding intersection point R with the projection plane
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π is a singular point. Indeed, the preimage of ρ−1P (R) consists of at least two points in C,
implying that the function field of C ′, which is isomorphic to that of C, contains at least
two distinct places corresponding to R.
Fix such a singular point R coming from ℓ ∈ L3(P ) and let L
′ be the set of lines in π
passing through R. Since the degree of C ′ is at most d− 1 and R is a singular point of C ′,
each of the q + 1 lines ℓ′ ∈ L′ satisfies |C ′(Fq) ∩ ℓ
′ \ {R}| ≤ d − 3. This gives the bound
|C ′(Fq)| ≤ (q + 1)(d − 3) + 1. This bound can be improved however. Apart from R are
at least ℓ3(P )− 1 further singular points in C
′(Fq), one for each line in L3(P ) \ {ℓ}. Each
of these singular points will occur with multiplicity at least two on one of the lines of L′.
Therefore, we obtain
|C ′(Fq)| ≤ (q + 1)(d− 3)− ℓ3(P ) + 2.
This enables us to estimate the number of rational points on C. Each rational point of C ′
has at most one preimage in C under ρP , unless it is one of the ℓ3(P ) singularities coming
from the lines in L3(P ) in which case the preimage consists of two points. Therefore, we
obtain that
|C(Fq)| ≤ (d− 3)(q + 1)− ℓ3(P ) + 2 + ℓ3(P ) = (d− 2)q − q + 1 ≤ (d− 2)q − 1.

We have now shown that Conjecture 1.1 is true for n = 3 and hence that Theorem 1.2 is
true as well.
Theorem 3.11. Let Fq be a finite field with q elements. Let C be an absolutely irreducible,
non-degenerate algebraic curve in P3 defined over Fq of degree d. Then |C(Fq)| ≤ q(d−2)+1.
Proof. If d ≥ 2q+1, then the claim follows from Lemma 3.3. So we can assume that d ≤ 2q.
If there exists an Fq-rational line ℓ such that |ℓ ∩ C(Fq)| ≥ 4, then the result follows from
Lemma 3.5. Likewise, if there exists a Fq-rational line ℓ such that |ℓ ∩ C(Fq)| = 3, and ℓ is
a tangent line of C, then the result follows from Remark 3.6.
Now assume that there exists a point P ∈ C(Fq) such that every Fq-rational line ℓ con-
taining P satisfies |ℓ∩C(Fq)| ≤ 2. Moreover, assume that if P is a non-singular point, then
the tangent line of C at P intersects C in no other rational points. In this setting, the result
follows from Lemma 3.8.
This leaves the case in which for every point P ∈ C(Fq) no line through P intersects C
in four or more rational points, but there exists a line through P intersecting C in three
rational points. If there exists an Fq-rational point P ∈ C and an Fq-rational plane π not
containing P such that the degree of the corresponding rational map ρP : C → C
′ is at least
two, then the result follows from Lemma reflem3pts, while if ρP is birational, then the claim
follows from Lemma 3.10. 
4. Some extremal examples
In this section we provide some families of extremal examples with respect to the bounds
proven in the previous section. Looking at the proof of Theorem 3.11, the bound q(d−2)+1
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can only be attained if d ≤ 2q, all Fq-rational points P ∈ C are non-singular and for all
Fq-rational lines ℓ containing P one has |ℓ∩C(Fq)| ≤ 2. This already puts several restrictions
on finding extremal examples and it seems that curves attaining equality in Conjecture 1.1
are not very common.
Example 4.1. The rational normal curve in is a non-singular, rational curve Rn of degree
n in the n-dimensional projective space Pn(Fq), with n ≥ 1. It is the Veronese variety when
the domain is the projective line. For n = 2 it is the plane conic xy = z2 and for n = 3
it is the twisted cubic. A model for R3 can be constructed as the intersection locus of three
non-singular quadrics,
R3 :


xz − y2 = 0,
yw − z2 = 0,
xw − yz = 0.
The curve Rn has degree n and q + 1 = q(n− n + 1) + 1 = q + 1 Fq-rational points. Hence
the bound in Conjecture 1.1 is attained by these curves. It is in fact well known that any
absolutely irreducible, non-degenerate algebraic curve in Pn of degree n defined over Fq is a
rational curve, see [3, Exercise 3.4]. Hence if d = n, Conjecture 1.1 is valid.
Example 4.2. For q ≤ 4 explicit, plane, non-singular elliptic curves having 2q + 1 Fq-
rational points exist. These attain the bound in Theorem 2.2. Examples are the curve
ǫ2 : y
2z+yz2 = x3+xz2 for q = 2, ǫ3 : y
2z = x3+2xz2+z3 for q = 3 and ǫ4 : y
2z+yz2 = x3
for q = 4. Using a basis of the Riemann–Roch space L((n + 1)P∞), which has dimension
n + 1 if n ≥ 3, one can embed these elliptic curves in Pn as non-degenerate, degree n + 1
curves. Then (d− n+ 1)q + 1 = 2q + 1, so the bound in Corollary 1.1 is attained.
Example 4.3. According to Lemma 3.3, an absolutely irreducible, non-degenerate space
curve defined over F2 of degree five can have at most six rational points. The hyperelliptic
plane curve D given by the equation y2z3+(x3+xz2+z3)yz = x5+x4z+x3z2+xz4 (source:
www.manypoints.org) is an absolutely irreducible curve of genus two with five rational points.
The point [0 : 1 : 0] is a singular point, corresponding to two rational places P
(1)
∞ and P
(2)
∞
in the function field of C. Let {1, x1, x2, x3} be a basis of the Riemann–Roch space L(5P
(1)
∞ ).
Now define C to be the Zariski closure of the image of the map ι : D \ {P
(1)
∞ , P
(2)
∞ } → P3,
defined by ι(P ) = [1 : x1(P ) : x2(P ) : x3(P )]. The curve C is non-degenerate, has degree five
and six F2-rational points, attaining the bound from Lemma 3.3.
We finish by making some comment on the hypotheses in Theorem 1.2. First of all, the
hypothesis that C does not contain an Fq-rational line cannot be removed. Indeed, let C be
the union of the twisted cubic in P3 and an Fq-rational line not intersecting the twisted cubic.
Then C has degree d = 4, so that q(d−n+1)+1 = 2q+1, while |C(Fq)| = 2q+2. Likewise,
the hypothesis that C has at least one non-degenerate Fq-irreducible component cannot be
removed. Consider for example the elliptic curve E ⊂ P2 defined over F3 by the equation
y2t = x3 − xt2 + t3. Then |E(F3)| = 7. The line ℓ defined by the equation y = 0, intersects
the set E(F3) trivially. This configuration can be embedded in P
3 by using the coordinate
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system [x : y : z : t] and mapping a point [x : y : t]→ [x : y : 0 : t] and hence as a degenerate
curve E is contained in the plane π given by the equation z = 0. A rotation τℓ defined over
F3 of the plane π fixing the line ℓ will map E to another degenerate elliptic curve τℓ(E) with
|τℓ(E)(F3)| = 7 and τℓ(E)(F3) ∩ E(F3) = ∅. Hence the F3-reducible, non-degenerate curve
C = E ∪ τℓ(E) will be of degree 6 and |C(F3)| = 14 > q(d− 2) + 1 = 3(6− 2) + 1 = 13.
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